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Abstract
The main results of the paper describe conditions which imply Morita equivalences of certain
functor categories. It is shown that various well known results of homological algebra, which are
related to Morita equivalences, can be obtained as a specialization of these results. A new application
is obtained in the case of two categories associated to an operad.
 2004 Elsevier Inc. All rights reserved.
Introduction
Let R be a commutative ring with unit. We will use R-categories whose morphism sets
have R-module structures and whose compositions are R-homomorphisms. For a given
small categoryA, R[A] will be an R-category with the same objects as A. The morphisms
of R[A] form free R-modules generated by the morphisms of A.
Let Iso(A) be a category with the same objects as A whose morphisms are the
isomorphisms of A. We will consider an R-category L with an R-subcategory Lˆ and
two small subcategories A and B with the same object sets as L. We will assume that
Iso(A) = Iso(B), that the morphisms of L can be presented as compositions αγβ of
morphisms β ∈ R[B], γ ∈ Lˆ and α ∈ R[A] and that this decomposition is unique up to
morphisms from R[Iso] = R[Iso(A)]. We will describe sufficient conditions which imply
that the categories of R-functors from L and Lˆ to the category R-Mod of R-modules are
Morita equivalent.
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be obtained from the case, where Lˆ is equal to R[Iso], and that this special case is a
consequence of Theorem 1.6, which will be proved in Section 3. This proof is in fact a
generalization of the proof of a special case of Theorem 1.5(iii) from [15].
Various examples of applications are provided in Section 2. They include Dold–Kan
theorem [3,7,8] about equivalence of the category of simplicial abelian groups and the
category of chain complexes, Dold–Kan type theorem of Pirashvili [13,14] about functors
on the category Γ of based finite sets, and the theorem about decompositions of G-Mackey
functors [16] defined over R, in the case when order of G is invertible in R.
1. Main results
Let C be a small category. The category whose objects are the objects of C and whose
arrows are the isomorphisms of C will be denoted by Iso(C). The category whose objects
are the objects of C and whose arrows are the identity morphisms of C will be denoted
by Id(C). The set of isomorphism classes of objects of C will be denoted by [C]∼ and the
morphism sets by C(c, c′). Let C :Cop × C→ Set denote the morphism functor of C .
The category of all functors from C to D will be denoted by (C,D). If F :C→ Set and
F ′ :Cop → Set, then F ×C F ′ is the coend of the functor F × F ′ :C × Cop → Set.
Every pair of functors φ : C ′ → C¯ and χ : C ′ → C˜ gives us a functor
C¯ ×C′ C˜ :
(C¯)op ×C′ C˜→ Set
such that, for every x, y ,
(C¯ ×C′ C˜)(x, y) = C¯(x,φ(−))×C′ C˜(χ(−), y).
If C¯ and C˜ are subcategories of C and C ′ is a subcategory of C¯ and C˜, then the
composition induces a natural transformation of functors defined on C¯op × C˜:
m : C¯×C′ C˜→ C.
Let L be an R-category. The category of R-functors from L to R-Mod will be denoted
by (L,R-Mod)R . If A is a small category, then the functor categories (A,R-Mod) and
(R[A],R-Mod)R are isomorphic. If F ∈ (L,R-Mod)R and F ′ ∈ (Lop,R-Mod)R , then
F ⊗L F ′ ∈ R-Mod is the coend of the bifunctor F ⊗R F ′. If L1 is another R category, then
the tensor product L⊗R L1 is an R-category, whose objects are pairs (x, y), where x ∈ L
and y ∈L1, and whose morphism R-modules are tensor products of morphism R-modules
of L and L1. Let L :Lop ⊗R L→ R-Mod denote the morphism functor of L.
Every pair of R-functors φ :L′ → L¯ and χ :L′ → L˜ gives us an R-functor
L¯⊗L′ L˜ :
(L¯)op ⊗L′ L˜→ R-Mod
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(L¯⊗L′ L˜)(x, y) = L¯(x,φ(−))⊗L′ L˜(χ(−), y).
If L¯ and L˜ are subcategories of L and L′ is a subcategory of L¯ and L˜, then the
composition induces a natural transformation of functors defined on L¯op ⊗R L˜:
m : L¯⊗L′ L˜→L.
We will say that a small category A is an EI-category if all endomorphisms of A are
isomorphisms. This implies that, if both sets A(x, y), A(y, x) are non-empty, then x is
isomorphic to y . There is a natural R-projection R[A] → R[Iso(A)] which will be denoted
by pA.
Let A be a small EI-category such that R[A] is an R-subcategory of L with the same
object set. Let Iso = Iso(A), Id = Id(A). We will use the notation
AL= R[Iso] ⊗R[A] L, LA = L⊗R[A] R[Iso].
AL is a functor from R[Iso]op ⊗R L to R-Mod and LA is a functor on Lop ⊗R R[Iso] such
that, for every x, y ,
AL(x, y) = L(x, y)/(A0 ·L)(x, y), LA(x, y)= L(x, y)/(L ·A0)(x, y),
where (A0 ·L)(x, y) is an R-submodule of L(x, y) generated by the compositions la for
a ∈ A0(x, z), l ∈ L(z, y), z ∈L
and A0(x, z) is the set consisting of all morphisms fromA(x, z) except isomorphisms. Let
A0 ·L=
⋃
(x,y)∈A×A
(A0 ·L)(x, y).
There are similar definitions of (L ·A0)(x, y) and L ·A0.
The set consisting of all morphisms of A except isomorphisms will be denoted by A0.
A full subcategory of the category (L,R-Mod)R , which consists of all R-functors on L
which vanish after the restriction to the elements of A0 will be denoted by ML,A.
1.1. Definition. Let A be a small EI-category such that R[A] is an R-subcategory of an
R-category L with the same object set. A is called a right preideal of L if A0 ·L⊆ L ·A0
and L ·A0 ∩ Id = ∅, and is called a left preideal of L if L ·A0 ⊆ A0 ·L and A0 ·L∩ Id = ∅.
The following two results are immediate consequences of definitions.
1.2. Proposition. Let A be a small EI-category such that R[A] is an R-subcategory of L
with the same object set. Let L˜ be an R-subcategory of L containing A. If A is a right
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as L˜, such that the following holds:
(i) The projection πA : L˜ → L˜A is a functor. It induces an isomorphism of functor
categories
π∗A :
(L′op,R-Mod)
R
→ML˜op,Aop .
(ii) LA is a functor on Lop ⊗ L˜A which defines two pairs of adjoint functors:
T LA = LA ⊗L′ (−) :
(L′op,R-Mod)
R
→ (Lop,R-Mod)
R
,
HLA = HomL(LA,−) :
(Lop,R-Mod)
R
→ (L′op,R-Mod)
R
and
HAL = HomL′(LA,−) :
(L′,R-Mod)
R
→ (L,R-Mod)R,
TAL = (−)⊗L LA : (L,R-Mod)R →
(L′,R-Mod)
R
.
(iii) If M ∈ (Lop,R-Mod)R, N ∈ (L′op,R-Mod)R , then
T LA (N) = L⊗L˜ NπA, HLA(M) = HomR[A]
(
R[Iso],M).
1.3. Proposition. Let B be a small EI-category such that R[B] is an R-subcategory of
L with the same object set. Let L¯ be an R-subcategory of L containing B. If B is a left
preideal of L¯, then there is an R-category structure on L′ = BL¯ with the same object set
as L¯, such that the following holds:
(i) The projection Bπ : L¯ → BL¯ is a functor. It induces an isomorphism of functor
categories
Bπ∗ :
(L′op,R-Mod)
R
→ML¯op,Bop .
(ii) BL is a functor on BL¯op ⊗L which defines two pairs of adjoint functors:
L
BT = BL⊗L (−) :
(Lop,R-Mod)
R
→ (L′op,R-Mod)
R
,
L
BH = HomL′(BL,−) :
(L′op,R-Mod)
R
→ (Lop,R-Mod)
R
and
B
LH = HomL(BL,−) : (L,R-Mod)R →
(L′,R-Mod)
R
,
B
LT = (−)⊗L′ BL :
(L′,R-Mod)
R
→ (L,R-Mod)R.
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L
BT (M) = R[Iso] ⊗R[B] M, LBH(N) = HomL¯(L,NBπ).
1.4. Definition.
(i) Let A, B and D be small categories with the same object and isomorphism sets.
Let Iso = Iso(D). We will say that D is a composition of B and A if A and B are
subcategories of D such that the composition of morphisms induces isomorphisms
B(x,−)×Iso A(−, y) →D(x, y)
whenever x and y are objects of D.
(ii) Let L be a small R-category and let L1, L0, L2 be R-subcategories of L with the same
object sets. We will say that L is a composition of L1 and L2 over L0, if L0 = L1 ∩L2
and, for every x, y ∈L, the morphism composition induces an isomorphism:
L1(x,−)⊗L0 L2(−, y) →L(x, y).
We will use the notation D = B ◦A in the case (i) and L= L1 ◦L0 L2 in the case (ii). It
follows from the definitions that
R[B ◦A] = R[B] ◦R[Iso] R[A]
and that the composition ◦ is associative:
C ◦ (B ◦A) = (C ◦ B) ◦A, L1 ⊗L0 (L2 ⊗L0 L3) = (L1 ⊗L0 L2)⊗L0 L3.
We will assume in this paper that A and B are small categories with the same object set
such that Iso(A) = Iso = Iso(B) and that K= R[B] ◦R[Iso] R[A]. Let
iA :R[A] →K, iB :R[B] →K
be the structural inclusions and let
pB :R[B] → R[Iso], pA :R[A] → R[Iso]
be the natural projections induced by the inclusions of categories Iso → B, Iso →A.
For every x, y ∈K, let
m(x,y) :K(x,−)⊗R[Iso] K(−, y) →K(x, y)
be the homomorphism induced by composition of morphisms in K. Then the composition
m(iB ⊗ iA) is an isomorphisms of functors. We will use the following notation
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u(x, y)= (pB ⊗ pA)
(
m(iB ⊗ iA)
)−1
m(iA⊗ iB) :R[A](x, y)⊗R(y) R[B](y, x)→ R(x).
Then
j (y, x) :R[B](y, x)→ HomR(x)
(
R[A](x, y),R(x)),
j ′(x, y) :R[A](x, y)→ HomR(x)
(
R[B](y, x),R(x))
are R(y)op ⊗R(x) homomorphisms induced by u(x, y).
Let N be the category induced by the linear order of natural numbers. We will say
that A is a finite type category over N , if the morphism sets A(x, y) are finite, whenever
x, y ∈ A, and, if there is a functor f :A→ N such that, for every n ∈ N , the category
f−1(n) is a groupoid with finite set [f−1(n)]∼ of the isomorphism classes of objects.
1.5. Theorem. Let L be an R-category and let K, L˜, L¯, Lˆ be R-subcategories of L with
the same objects. Let K = R[B] ◦R[Iso] R[A], where A and B are EI-subcategories of
K with the same object sets, such that Iso(A) = Iso = Iso(B). Let A be a finite type
category over N . Assume that, for every x, y ∈K, j ′(x, y), j (y, x) are isomorphisms and
R[A](x, y) is a finitely generated projective R(x) module.
(i) Suppose that A is a right preideal of L˜ and L′ = L˜A. If
L= R[B] ◦R[Iso] L˜ and R[A] =K ∩ L˜,
then the following holds:
(i.1) The pair of adjoint functors T LA , HLA gives us an equivalence of categories(Lop,R-Mod)
R
and
(L′op,R-Mod)
R
.
(i.2) The composition of natural transformations of functors HLA → Id → KBT ,
induced by inclusions and projections, is a natural equivalence.
(i.3) For every N ∈ (L′op,R-Mod)R ,
T LA (N) ∼= R[B] ⊗R[Iso] N.
(i.4) The pair HAL , TAL gives an equivalence of covariant functor categories.
(ii) Suppose that B is a left preideal of L¯ and L′ = BL¯. If
L= L¯ ◦R[Iso] R[A] and R[B] =K ∩ L¯
then the following holds:
(ii.1) The pair of adjoint functors LBT , LBH gives us an equivalence of categories(Lop,R-Mod)
R
and
(L′op,R-Mod)
R
.
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induced by inclusions and projections, is a natural equivalence.
(ii.3) For every N ∈ (L′op,R-Mod)R ,
L
BH(N) = HomR[Iso]
(
R[A],N).
(ii.4) The pair BLH , BLT gives an equivalence of covariant functor categories.(iii) Suppose that
L= R[B] ◦R[Iso] Lˆ ◦R[Iso] R[A].
Then the pairs of adjoint functors LBT , LBH and T LA , HLA give us equivalences of
categories
(Lop,R-Mod)
R
and
(Lˆop,R-Mod)
R
.
Proof. It is sufficient to consider only the case of contravariant functors. This follows from
the fact that,
(B ◦A)op =Aop ◦ Bop, (L1 ◦L′ L0)op = (L0)op ◦(L′)op (L1)op.
The statement (iii) is an immediate consequence of (i) and (ii), because the assumptions
of (i) and (ii) are satisfied for L˜= Lˆ ◦R[A] and L¯= R[B] ◦ Lˆ, and the functors
Lˆ→ BL¯, Lˆ→ L˜A
given by compositions of inclusions and projections, are isomorphisms of categories.
To prove (i) and (ii), we will show that the natural transformations of functors,
in the case (i): tLA : Id → HLAT LA , t ′LA :T LAHLA → Id,
in the case (ii): t ′LB :
L
BT
L
B H → Id, tLB : Id → LBHLB T
are natural equivalences.
The inclusions L˜ → L, L¯ → L gives us, in the case (i), an isomorphism L˜ ∼= BL,
and in the case (ii), an isomorphism L¯ ∼= LA of functors defined on R[Iso]op ⊗R L˜ and
L¯op ⊗R R[Iso].
If L = K, then L˜ is equal to R[A], L¯ is equal to R[B], L′ = R[Iso] and we have
isomorphisms
R[A] ∼= BK, R[B] ∼=KA
of functors defined on R[Iso]op ⊗R R[A] and R[B]op ⊗R R[Iso]. Let
TA = TK, HA = HK, HB = KH, TB = KT .A A B B
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N :R[Iso]op → R-Mod, M :Kop → R-Mod
are R-functors, then
TB(M)(x)= M(x)/
∑
b∈B0, b : x→y
ImM(b),
HA(M)(x)=
⋂
a∈A0, a : y→x
KerM(a),
TA(N)(x) =
⊕
[y]∈[B]∼
R
[B(x, y)]⊗R(y) N(y),
HB(N)(x) =
∏
[y]∈[A]∼
HomR(y)
(
R
[A(y, x)],N(y)).
If M ∈ (Lop,R-Mod)R, and N ∈ (L′op,R-Mod)R , then, in the case (i),
HLA(M) = HomL(LA,M) = HomK(KA,M) = HomR[A]
(
R[Iso],M)= HA(M)
as functors on R[Iso], and
T LA (N) = LA ⊗L′ N =K⊗R[A] N = R[B] ⊗R[Iso] N = TA(N)
as functors on K. Moreover, tLA(N) = tA(N) = tKA (N) and t ′LA(M) = t ′A(M) = t ′KA(M).
Similar facts are true in the case (ii). Hence the general result follows from the case, where
L=K, and is a consequence of Theorem 1.6, which will be proved in Section 3. 
1.6. Theorem. Suppose that
L=K= R[B ◦A], L˜= R[A], L¯= R[B], Lˆ= R[Iso].
If the assumptions of Theorem 1.5 are satisfied, then the following holds:
(1) The natural transformations of functors
(i) tA : Id → HATA, t ′B :TBHB → Id,(ii) tB : Id → HBTB , t ′A :TAHA → Id
are equivalences.
(2) The composition of natural transformations of functors HA → Id → TB , induced by
inclusions and projections, is a natural equivalence.
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2.1. Mackey functors
Let G be a finite group. Let A= OG be the category whose objects are G-orbits G/H
and whose morphisms are G-maps. For every two G-orbits G/H , G/H ′,
R[OG]
(
G/H,G/H ′
)= R[MapG(G/H,G/H ′)]= R[(G/H ′)H ]
and R(G/H) = R[(G/H)H ] = R[NH/H ], where NH denotes the normalizer of H in G.
Let B =Aop. There is a natural R-category structure on
K= R[OopG ]⊗R[Iso] R[OG]
such that every G-Mackey functor [2] over R can be considered as a functor from K to
R-Mod [9].
Let G-MackR denote the category of G-Mackey functors over R. We can apply our
results to obtain well known decompositions of Mackey functors [6,16].
2.1. Theorem.
(i) There exist functors
HG :G-MackR →
∏
G/H∈[OG]∼
R[NH/H ]-Mod,
TG :
∏
G/H∈[OG]∼
R[NH/H ]-Mod → G-MackR,
which give equivalences of categories, in the case when the order of G is invertible
in R.
(ii) For every G-Mackey functor M defined over R,
HG(M)(G/H) =
⋂
a : G/H ′→G/H, [G/H ]=[G/H ′]
KerM(a).
If the order of G is invertible in R, then there exists a decomposition:
M(G/K)=
⊕
[G/H ]∈[OG]∼
R
[
(G/K)H
]⊗R[NH/H ] HG(M)(G/H),
which is natural on OG.
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composition in K induces homomorphisms
u :R
[
MapG
(
G/H,G/H ′
)]⊗R[MapG(G/H,G/H ′)]→ R[MapG(G/H,G/H)]
such that, for every two G maps f,f ′ :G/H → G/H ′, u(f,f ′) is equal to the sum of all
elements [g] of NH/H satisfying the condition fg = f ′. If the order of G is invertible
in R, then R[OG](G/H,G/H ′) is a projective finitely generated R[NH/H ]-module and
j and j ′ are isomorphisms. 
2.2. Simplicial R-modules
Let ∆ be the category of finite ordered sets [n] = {0  1  · · · n}. Let Sur (Inj) be
the subcategory of ∆ with the same object set whose morphisms are ordered surjections
(injections). Then ∆ = Surj ◦ Inj.
Let ∆min (∆max) be a subcategory of ∆ with the same object set, whose morphisms
are all morphisms f : [n] → [m] of ∆ satisfying the condition f (0) = 0 (f (n) = m). Let
Injmin (Injmax) denote the subcategory of all monomorphisms in ∆min (∆max). Let
L= R[∆], L˜= R[Inj], B = Sur.
We can take A equal to Injmin or Injmax, and K equal to R[∆min] or R[∆max], and use
Theorem 1.5 to obtain the well-known Dold–Kan theorem [3,5,7,8,11]:
2.2. Theorem.
(i) There is a natural equivalence of categories
N : (∆op,R-Mod)→ ChR,
where ChR is the category of R-module chain complexes.
(ii) For every simplicial R-module M ,
N (M)([n])= ⋂
a∈A([m],[n]), [n]=[m]
KerM(a)
and we have a decomposition:
M
([m])= ⊕
[n]∈∆
R
[
Surj([m], [n])]⊗R N (M)([n]),
which is natural on Surj.
Proof. In this situation R([n]) = R[id[n]] = R. If L′ is equal to the category
R[Inj] ⊗R[Inj ] R, or R[Inj] ⊗R[Inj ] R, then L′([m], [n]) is a free R-module generatedmin max
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to (0) otherwise. The condition dn+1dn = 0 is satisfied for all natural numbers n. It follows
from Proposition 1.2 that the category of contravariant R-functors from L′ to R-Mod is
isomorphic to the category ChR .
Moreover, there exists an R-subcategory Lˆ of R[∆], which satisfies the assumptions
of Theorem 1.5(iii). If m = n − 1, then Lˆ([m], [n]) is a free R-module generated by the
element dn =∑nk=0(−1)kδk . Here δk : [n− 1] → [n] denotes the ordered injection without
k in its image.
Let
(−)∗min : ∆min → ∆opmin, (−)∗max : ∆max → ∆opmax
be functors such that, for every f : [n] → [m] in ∆min (∆max),
f ∗min(k) = minf−1(k), f ∗max(k) = maxf−1(k).
It follows from the definition that (Sur)∗min is equal to Injmin and (Sur)∗max is equal to Injmax.
The assumptions of Theorem 1.5 are satisfied because, if
u′ = u′([n], [m]) :R[Inj([n], [m])]⊗R R[Surj]([m], [n])→ R,
is the map induced by the composition, then, for every i ∈ Inj([n], [m]), f ∈ Surj([m], [n]),
u′(i, f ) = 1 if and only if f ∗0  i  f ∗1 and u′(i, f ) = 0 otherwise. This implies that in both
cases j and j ′ are isomorphisms, because in appropriate bases they are given by triangular
matrices with units on diagonals. 
2.3. Cyclic R-modules
Let C be the cyclic category Λ = ∆C of Connes [1], [10, Chapter 6] or the duplicial
category K introduced in [4]. It follows from [4] that there are inclusions
α :∆ → C, β :∆op → C
such that
α(∆) ∩ β(∆op)= α(∆min) = β(∆opmin)
and that the assumptions of Theorem 1.5(iii) are satisfied, if we take
L= Lc = R[C] = R[Bc] ◦R[Id] Lˆc ◦R[Id] R[Ac],
where
Ac = β
(
Surjop)= α(Injmin), Bc = α(Surj) = β((Injmin)op),
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subcategory of R[∆] defined in Theorem 2.2. Hence in this case Theorem 1.5(iii)
specializes to the Dold–Kan theorem for cyclic modules proved in [4].
2.4. Categories of finite based sets
Let W be a set with a basepoint p0. Let Γ (W) be the category of all finite based subsets
of W . Let sur(W) (inj(W)) be a subcategory of Γ (W) with the same object set, whose
morphisms are based surjections (injections). Then Γ (W) = sur(W) ◦ inj(W).
We will use the following subcategories of Γ (W) described in a special case in [12].
We will say that a morphism f :Y → X is a projection, if f−1(w) has exactly one element
for x ∈ X \ {p0}, and that is effective, if f−1(p0) = p0. The subcategory of Γ (W) with the
same object set, whose morphisms are projections (effective surjections) will be denoted
by proj(W) (esur(W)). All based injections are effective and we have a decomposition
Γ (W) = proj(W) ◦ esur(W) ◦ inj(W).
Let
L= Γ (W), B = proj(W), A= inj(W), Lˆ= R[esur(W)].
Then the assumptions of Theorem 1.5(iii) are satisfied and we have the following result:
2.4. Theorem.
(i) There is a natural equivalence of functor categories
Hinj(W) :
(
Γ (W)op,R-Mod
)→ (esur(W)op,R-Mod).
(ii) For every contravariant functor M :Γ (W) → R-Mod,
Hinj(W)(M)(X) =
⋂
a∈A0, a : Y→X
KerM(a) =
⋂
Y =X, Y⊂X
KerM(Y ⊂ X),
and
M(X) =
⊕
[Y ]∈[Γ (W)]∼
R
[
proj(X,Y )]⊗R[Σ(Y,p0)] Hinj(W)(M)(Y )
=
⊕
[Y ]∈[Γ (W)]∼
R
[
inj(Y,X)]⊗R[Σ(Y,p0)] Hinj(W)(M)(Y ) =⊕
Y⊆X
Hinj(W)(M)(Y ).
Proof. Let us define a functor (−)∗ : inj(W) → proj(W)op as follows. Let i :X → Y be a
based injection. Then i∗ :Y → X is a based projection such that
(
i∗
)−1
(p0) = Y \
(
i(X) \ {p0}
)
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an isomorphism of categories. The action of the symmetric group Σ(X,p0) on the set
inj(W)(X,Y ) is free and the map
u = u(X,Y ) :R[inj(W)](X,Y )⊗R R[proj(W)](Y,X) → R[Σ(X,p0)],
induced by the composition, is such that, for every i ∈ inj(X,Y ), f ∈ proj(Y,X), u(i, f ) =
s if and only if i∗ = sf and u(i, f ) = 0 otherwise. This implies that j and j ′ are
isomorphisms. 
2.5. The category of finite based sets of natural numbers with morphisms generated by
inclusions
Let S be the category whose objects are all finite subsets of the set N of all natural
numbers with the basepoint 0. A map f : {0, i1, . . . , in} → {0, j1, . . . , jm} is a morphism
of S if and only if, for every l = 1, . . . , n, f (il) is equal to il or 0. Let A(S) (B(S)) be a
subcategory of S with the same objects and with the morphism set consisting of inclusions:
f (il) = il (projections: f (il) = 0). Then S = B(S) ◦A(S). It follows from definitions that
S is a subcategory of Γ (N) and that
A(S) = S ∩ inj(N), B(S) = S ∩ proj(N).
Let
L= R[S], A=A(S), B = B(S), Lˆ= R[Id(S)],
where Id(S) has only identity morphisms. The assumptions of Theorem 1.5 are satisfied
in this case, because a restriction of the functor (−)∗ gives us a functor A(S) → B(S)op
which is an isomorphism categories. The map
u = u(X,Y ) :R[A(S)](X,Y )⊗R R[B(S)](Y,X) → R,
induced by the composition, is such that, for every i ∈A(S), f ∈ B(S), u(i, f ) = 1 if and
only if i∗ = f and u(i, f ) = 0 otherwise. This implies that j and j ′ are isomorphisms.
Hence we have the following result.
2.5. Theorem.
(i) There is an equivalence of functor categories:
HA(S) :
(
Sop,R-Mod
)→ (Id(S)op,R-Mod).
(ii) If M˜ is a contravariant functor from S to R-Mod, then
M˜(X) =
⊕
HA(S)
(
M˜
)
(Y ),Y⊆X
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HA(S)
(
M˜
)
(X) =
⋂
Y =X, Y⊂X
Ker M˜(Y ⊂ X),
2.6. Abelian Γ -groups
Let Γ be the category of finite based sets n = {0, . . . , n} with the basepoint 0. This
is the case of the Dold–Kan type theorem from [13,14]. Let sur (inj) be a subcategory
of Γ with the same object set, whose morphisms are based surjections (injections). Then
Γ = sur ◦ inj is a full subcategory of Γ (N) and the inclusion Γ ⊂ Γ (N) is a natural
equivalence of categories. A subcategory of Γ , with the same object set, whose morphisms
are projections (effective surjections) will be denoted by proj (esur). Then
Γ = proj ◦ esur ◦ inj.
Let
L= R[Γ ], B = proj, A= inj, Lˆ= R[esur].
It follows from Theorem 2.4, that the assumptions of Theorem 1.5(iii) are satisfied in this
case. Hence we obtain the Dold–Kan type theorem from [13,14].
2.6. Theorem.
(i) There is an equivalence of categories
Hinj :
(
Γ op,R-Mod
)→ (esurop,R-Mod).
(ii) If M is a contravariant functor from Γ to R-Mod, then
M(n) =
⊕
k∈Γ
R
[
proj( n, k )]⊗R[Σk ] Hinj(M)( k )
=
⊕
k∈Γ
R
[
inj( k, n )]⊗R[Σk ] Hinj(M)( k ),
and
Hinj(M)(n) =
⋂
a∈inj( k,n ), k =n
KerM(a)= crn(M) = cr(M)(1, . . . ,1 ),
where cr(M) are cross-effects of M [13].
132 J. Słomin´ska / Journal of Algebra 274 (2004) 118–137Proof. Let (Xn)n∈N be a sequence of based subsets of N and let S be the category defined
in Theorem 2.5. There exists a functor M˜ :Sop → R-Mod, such that
(
M˜
)({0, i1, . . . , in})= M(Xi1 ∨ · · · ∨Xin)
and
HA(S)
(
M˜
)({0, i1, . . . , in})= cr(M)(Xi1 , . . . ,Xin).
This implies a well known decomposition [3,13]
M
(∨
y∈Y
Xy
)
=
⊕
{i1,...,ik}⊆Y
cr(M)(Xi1, . . . ,Xik ).
In particular,
Hinj(M)(n) = HA(S)
(
M˜
)
( n ) = HA(S)
(
M˜
)
(1 ∨ · · · ∨ 1 ) = cr(M)(1, . . . ,1 ). 
2.7. Categories associated with operads
Let a be an operad such that a(0) = {0} is a onepoint set. Let Γa and esura be two
categories associated with a with the same objects as Γ such that
Γa(m,n ) =
∐
f∈Γ (m,n )
∏
1kn
a
(
f−1(k)
)
,
esura(m,n ) =
∐
f∈esur(m,n )
∏
1kn
a
(
f−1(k)
)
.
Then we have a decomposition
Γa = proj ◦ esura ◦ inj.
In this case
L= R[Γa], A= proj, B = inj, Lˆ= R[esura].
As a consequence of Theorem 2.6, we obtain the following result:
2.7. Theorem.
(i) There is an equivalence of categories
cr∗ :
(
Γ
op
a ,R-Mod
)→ (esuropa ,R-Mod).
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M(n) =
⊕
k∈Γ
R
[
inj( k, n )]⊗R[Σk ] crk(M).
2.8. Categories of finite based G-sets
Let G be a finite group and let W be a G-set with a basepoint p0 fixed by G. Let
Γ (G,W) be the subcategory of Γ (W) whose objects are all based finite G-subsets of W
and whose morphisms are G-maps. Let
esur(G,W) = Γ (G,W) ∩ esur(W).
Then one can prove, similarly as in Theorem 2.4, that there is an equivalence of categories(
Γ (G,W)op,R-Mod
)→ (esur(G,W)op,R-Mod).
3. Proof of Theorem 1.6
There is a natural equivalence of functors
πK :BK⊗K KA =
(
R[Iso] ⊗R[B] K
)⊗K (K⊗R[A] R[Iso])→ R[Iso],
induced by the morphism composition inK. This equivalence gives us natural equivalences
of functors
te :TBTA → Id, he : Id → HAHB.
The natural transformation
π :BK⊗R[Iso] KA → R[Iso],
obtained as composition of the projection BK⊗R[Iso]KA → BK⊗K KA and πK, gives us
natural transformations
KA → HomR[Iso]
(
BK,R[Iso]
)
, BK→ HomR[Iso]
(KA,R[Iso])
and th :TA → HB . It follows from the assumptions of the theorem that these transforma-
tions are natural equivalences.
To prove (i) it is enough to assume that j (y, x) is an epimorphism or that j ′(x, y)
is a monomorphism. Indeed, he = HA(th)tA and te = t ′BTB(th). Hence, if th is an
epimorphism, then tA and t ′B are isomorphisms because he and te are isomorphisms.(ii) Let
Z :
(Kop,R-Mod) → (R[Iso]op,R-Mod)R R
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The projections pA and pB gives us natural transformations of functors
K→KA, K→ BK
and hA :HA → Z, hB :Z → TB. We will prove that the composition
ht = hBhA :HA → TB
is an isomorphism.
There are two pairs of natural transformations
th(HA) :TAHA → HBHA, HB(ht ) :HBHA → HBTB,
TA(ht ) :TAHA → TATB, th(TB) :TATB → HBTB,
whose compositions give the same natural transformation z = tBt ′A.
Let An be the full subcategory of A with all objects o such that f (o) n. Let Bn and
Kn be the full subcategories of B and K with the same objects. Then Kn = R[Bn] ◦R[An]
and K = ⋃n∈N Kn. If the theorem is true for all Kn, then it is true for K. Hence we
will prove Theorem 1.6 using the induction on n. Let In = An ∩ Bn. Then I1 = K1 and
Theorem 1.6(ii) is true in this case. Moreover, ht restricted to K1 is equal to idid.
We will use the fact that TA,HB after the restriction to Kn are equal to TAn and HBn
Similarly TB,HA after the restriction to In are equal to TBn and HAn . Let
N :R[Iso]op → R-Mod, M :Kop → R-Mod
be R-functors. Then
Nn :R[In]op → R-Mod, Mn :Kopn → R-Mod
are the appropriate restrictions and
TA(N)n = TAn (Nn), HA(M)n = HAn(Mn),
TBn(Mn) = TB(M)n, HBn (Nn) = HB(N)n.
Let K′n =Kn \Kn−1 and I ′n = I ∩K′n . The functors defined on In−1 will be considered as
functors defined on In which vanish on I ′n and are the same on In−1.
There exist natural transformations of functors
h′A :ZTAZ → Z, h′B :Z → ZHBZ,
such that
Zt ′ = h′ ZTA(hA), ZtB = ZHB(hB)h′ .A A B
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h′A(M)(x) :TA(M)(x)→ M(x), h′B(M)(x) :M(x)→ HB(M)(x),
and if f ∈ R[B](x, y), m ∈ M(y), f ′ ∈ R[A](y, x), m′ ∈ M(x), then
h′A(M)(x)(f ⊗m) = M(f )m, h′B(M)(x)(m)
(
f ′
)= M(f ′)(m′).
If x is an object of K′n, then
M(x)/ Imh′An (Mn−1)(x) = M(x)/
∑
b∈B0, b : x→y
ImM(b) = TB(M)(x),
Kerh′Bn (Mn−1)(x) =
⋂
a∈A0, a : y→x
KerM(a)= HA(M)(x).
We will use the following notation
h′A(n)(x) = h′AnTAn (hAn−1)(Mn−1)(x), h′B(n)(x)= HBn(hBn−1)h′Bn (Mn−1)(x).
Assume now that the restriction of ht to the natural transformation HAn−1 → TBn−1 of
functors defined on Kn−1 is an isomorphism. Then the map
z′n(M)(x) :TAn
(
HAn−1(Mn−1)
)
(x) → HBn
(
TBn−1(Mn−1)
)
(x),
induced by z, is an isomorphism because, as in the proof of Theorem 1.6(i), the
restriction of th to the natural transformation TAn → HBN is an isomorphism. Moreover,
if Theorem 1.6(ii) is true for Kn−1, then the isomorphisms
TAn−1HAn−1(Mn−1) ∼= Mn−1 ∼= HBn−1TBn−1(Mn−1)
imply that
Imh′An (Mn−1)(x)= Imh′A(n)(x), Kerh′Bn(Mn−1)(x) = Kerh′B(n)(x).
Now, from the fact that
z′n(M)(x) = h′A(n)(x)h′B(n)(x),
it follows that the natural map
Kerh′B(n)(x) → M(x)/ Imh′A(n)(x)
is an isomorphism. This implies that
ht (M)(x) = ht (Mn)(x) :HAn(Mn)(x) → TBn(Mn)(x)
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0 → TAnHAn−1(Mn−1)(x) → Mn(x)→ TBn(Mn)(x) → 0,
0 → HAn(Mn)(x) → Mn(x) → HBnTBn−1(Mn−1)(x) → 0.
If F is a functor on In, then F ′ denotes a functor also on In, which vanishes on In−1
and is equal to F on I ′n. There are exact sequences
0 → HAn−1(Mn−1) → HAn (Mn) → HAn(Mn)′ → 0,
0 → TBn(Mn)′ → TBn(Mn) → TBn−1(Mn−1) → 0.
These exact sequences induce the following exact sequences
0 → TAnHAn−1(Mn−1) → TAnHAn(Mn) → TAn
(
HAn(Mn)
′)→ 0,
0 → HBn
(
TBn(Mn)
′)→ HBnTBn (Mn) → HBnTBn−1(Mn−1) → 0.
If x ∈K′n, then
TAn
(
HAn(Mn)
′)(x) = HAn (Mn)(x), HBn(TBn (Mn)′)(x) = TBn(Mn)(x).
As consequence we obtain the fact that t ′A and tB are natural equivalences.
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